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Abstract
Right chain semigroups are semigroups in which right ideals are linearly ordered by inclusion.
Multiplicative semigroups of right chain rings, right cones, right invariant right holoids and right
valuation semigroups are examples. The ideal theory of right chain semigroups is described in terms
of prime and completely prime ideals, and a classification of prime segments is given, extending to
these semigroups results on right cones proved by Brungs and Törner [H.H. Brungs, G. Törner, Ideal
theory of right cones and associated rings, J. Algebra 210 (1998) 145–164].
 2005 Elsevier Inc. All rights reserved.
1. Introduction
A ring R (with 1) is said to be a right chain ring if its lattice of right ideals is linearly
ordered by inclusion. These rings are natural generalizations of commutative valuation
rings and they have been extensively studied by many authors.
Clearly, a ring R is a right chain ring if and only if right ideals of the multiplicative
semigroup (R, ·) are linearly ordered by inclusion. Hence, it appears reasonable to develop
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Another reason for studying the class of right chain semigroups is that it contains some
important classes of semigroups. For example, in [3] Brungs and Törner develop the ideal
theory for right cones, which are right chain semigroups S such that for any a, b, c ∈ S,
if ab = ac = 0, then b = cu for some unit u ∈ S (left cancellation). Also, all right invari-
ant right holoids (see [2]), right naturally totally ordered semigroups (see [10]) and right
valuation semigroups (see [11]) are right chain semigroups.
In this paper we extend to right chain semigroups the main results on right cones proved
in [3]. We use techniques that are different from those applied in [3].
We consider semigroups with identity element e and zero element 0 (0 = e). To denote
that A is an ideal of a semigroup S we write A S, and the zero ideal of S is denoted by 0.
The symbol ⊂ stands for proper inclusion of sets.
2. The Hoehnke ideal and nilpotent elements of right chain semigroups
Recall that if S is a semigroup, then a set M is said to be an S-system if there exists an
action M × S → M , defined by (m, s) → ms, and an element 0 ∈ M such that (ms1)s2 =
m(s1s2), 0s = m0 = 0 and me = m for all m ∈ M and s1, s2, s ∈ S. S-subsystems of an
S-system are defined in the obvious way.
In [7, p. 3], with each S-system M , Hoehnke associates the set M0 = {h ∈ S | m /∈ mhS
for all m ∈ M \ 0}, and he proves that M0 is an ideal of S. In the case when M = S we call
M0 the Hoehnke ideal of S and denote it by H(S), i.e.,
H(S) = {h ∈ S | s /∈ shS for all s ∈ S \ 0}.
As we will see soon, the Hoehnke ideal is a useful tool in the study of right chain semi-
groups.
It is well known that a right chain semigroup need not be a right cone (see [3, Ex-
ample 1.3] or Example 10 below). The following proposition shows that in a sense the
Hoehnke ideal H(S) of a right chain semigroup S measures how far S is from being a
right cone.
Proposition 1. A semigroup S is a right cone if and only if S is a right chain semigroup
and H(S) coincides with the maximal right ideal M(S) of S.
Proof. Assume that S is a right cone. Obviously H(S) ⊆ M(S). If m ∈ M(S)\H(S), then
s ∈ smS for some s ∈ S \ 0, and by the left cancellation, e ∈ mS ⊆ M(S), a contradiction.
Hence H(S) = M(S).
Next assume that S is a right chain semigroup with H(S) = M(S), and let ab = ac = 0
for some a, b, c ∈ S. Since S is right chain, we can assume that c = bu for some u ∈ S.
Since ab = abu = 0, u /∈ H(S) = M(S) and thus e = uv for some v ∈ S. Hence ab =
abv = 0 and repeating the above argument we prove that e = vu. Thus u is a unit of S, and
so S is a right cone. 
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group of R, then the Hoehnke ideal H(S) of S coincides with the Jacobson radical J (R)
of R. In the next proposition we will show that, in general, if S is any semigroup, then
H(S) is an ideal of S having some properties similar to properties of the Jacobson rad-
ical of a ring. Since later on we will use the Hoehnke ideal of a Rees factor semigroup
S/A of S modulo an ideal A  S [4] rather than the Hoehnke ideal of the semigroup S
itself, we present the result in a general setting. To state the result, for a proper ideal A of
a semigroup S (i.e., A = S) we set
HA(S) = {h ∈ S | s /∈ shS for all s ∈ S \ A}.
Thus HA(S) is the ideal of S such that HA(S)/A is the Hoehnke ideal of the Rees factor
semigroup S/A. Note also that H(S) = H0(S).
Let I be a proper right ideal of a semigroup S. Then I is called prime if for any right
ideals A,B of S, AB ⊆ I implies A ⊆ I or B ⊆ I , and I is called completely prime if for
any elements a, b of S, ab ∈ I implies a ∈ I or b ∈ I . Also, I is called semiprime if for
any right ideal A of S, A2 ⊆ I implies A ⊆ I , and I is said to be completely semiprime if
for any element a ∈ S, a2 ∈ I implies a ∈ I .
Proposition 2. If A is a proper ideal of a semigroup S, then:
(i) For any right ideal I of S, I ⊆ HA(S) if and only if s /∈ sI for all s ∈ S \ A.
(ii) HA(S) is a semiprime ideal of S containing A.
(iii) If B is a proper ideal of S, then HA(S)∩HB(S) = HA∩B(S). In particular, if A ⊆ B ,
then HA(S) ⊆ HB(S).
(iv) If I is a finitely generated right ideal of S such that A ∪ I = A ∪ (IHA(S)), then
I ⊆ A.
Proof. (i) This part follows from the definition of HA(S).
(ii) Clearly, HA(S) is a proper ideal of S containing A. To prove that the ideal HA(S) is
semiprime, suppose that I 2 ⊆ HA(S) for some I  S with I ⊆ HA(S). Then by (i), s ∈ sI
for some s ∈ S \ A. Hence s ∈ sI 2 ⊆ sHA(S), and thus s ∈ A, a contradiction.
(iii) This part follows directly from the definition of HA(S), and (iv) can be easily
proved by induction on the number of generators of I . 
From (iv) of the above proposition it follows that if I = 0 is a finitely generated right
ideal of a semigroup S, then I = IH(S), which is a well-known property of finitely gener-
ated right ideals of rings with H(S) considered as an analogue of the Jacobson radical of
rings (Nakayama’s lemma). The following example shows that Nakayama’s lemma cannot
be extended to S-systems, which are analogues of modules over rings.
Example 3. Let M be a nonempty set and let 0 be an element of M . Let S be a semigroup
without proper zero-divisors (i.e., s1s2 = 0 for all s1, s2 ∈ S \ 0). We make M into an
S-system by defining m0 = 0 and ms = m for any m ∈ M and s ∈ S \ 0. It is clear that any
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ideals I of S.
Next, let S =N∪ {0}, the set of nonnegative integers, with usual multiplication of num-
bers as the semigroup operation. Then H(S) = S \ {1}, which shows that Nakayama’s
lemma cannot be extended to S-systems.
Let ρ be a map assigning to each semigroup S (not necessarily with identity) an ideal
ρ(S) of S. The map ρ is called a semigroup radical [1, p. 82] if the following conditions
are satisfied:
(1) ρ(S) coincides with the union of all ideals I of S with ρ(I) = I ,
(2) for every ideal I of S, (ρ(S) ∪ I )/I ⊆ ρ(S/I),
(3) ρ(S/ρ(S)) = 0.
This semigroup radical is an exact analogue of the Kurosh–Amitsur ring radical (it should
be noted that there also exists a different notion of semigroup radical defined in terms of
congruences; e.g., [9]).
It is easy to see that the Hoehnke ideal H(S) satisfies the conditions (1) and (2) of the
above definition. However, as the following example shows, H(S) need not satisfy the
condition (3), and thus H(S) is not a semigroup radical.
Example 4. Let S be the semigroup generated by x and y with the defining relations xy =
y2 = 0 and yx = y. Then S = {e,0, y, x, x2, x3, . . .} and clearly H(S) = {0, y}. Hence
S/H(S) is an infinite cyclic semigroup, and thus H(S/H(S)) = {0, x, x2, x3, . . .} = 0.
Among the most important semigroup radicals are [1,6]: the prime radical P(S) (de-
fined as the intersection of all prime ideals of S), the locally nilpotent radical L(S) (i.e.,
the largest locally nilpotent ideal of S), and the nil radical N(S) (i.e., the largest nil ideal
of S). In the literature also the Schwarz radical R(S) (i.e., the union of all nilpotent ideals
of S) is considered, which however does not satisfy the axiom (3) of the definition of a
radical.
Directly from the definitions of N(S) and H(S) we deduce that N(S) ⊆ H(S). Hence
the well-known relation between the nil radical and the Jacobson radical of a ring remains
true for the semigroup analogues of these radicals. Note also that if L (respectively, R) is
the union of all nil left (respectively, right) ideals of S, then the identity (xy)n+1 = x(yx)ny
implies that L = R is a nil ideal of S, and so L = R = N(S) (cf. [8]). Hence we have proved
the following
Proposition 5. For any semigroup S, N(S) contains all nil one-sided ideals of S, and
N(S) ⊆ H(S).
It is well known that for every semigroup S,
R(S) ⊆ P(S) ⊆ L(S) ⊆ N(S),
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all these radicals coincide, as the following theorem shows.
Theorem 6. Let S be a right chain semigroup and T (S) the set of nilpotent elements of S.
Then:
(i) ts ∈ sS for all t ∈ T (S) and s ∈ S.
(ii) T (S) is a subsemigroup (without identity) of S, and T (S) is equal to the union of the
nilpotent ideals of T (S).
(iii) R(S) = P(S) = L(S) = N(S) is a prime ideal of S.
Proof. (i) The case s = 0 is obvious, so we assume that s = 0. If s ∈ tsS, then s ∈ tnsS for
all n ∈N, and we obtain s = 0, a contradiction. Hence ts ∈ sS.
(ii) Let t, t1, t2, . . . , tn ∈ T (S) with tn = 0. Then (i) implies that t t1t t2 . . . t tn ∈ tnS = 0.
Hence (tT (S))n = 0 and (ii) follows.
(iii) Let t ∈ N(S); then (StS)3 ⊆ N(S)tN(S) ⊆ T (S)tT (S) and from (ii) we deduce
that StS is a nilpotent ideal of S. Hence t ∈ R(S), and thus R(S) = P(S) = L(S) = N(S).
Since ideals of S are linearly ordered by inclusion, P(S) is a prime ideal of S. 
Answering a question of Skornyakov, Brungs and Törner characterize right cones in
which nilpotent elements form an ideal, in [3, Theorem 2.2], and this characterization is
given in terms of the prime radical. Below, using arguments different from those of [3], we
generalize this result to right chain semigroups.
Corollary 7. For a right chain semigroup S the following conditions are equivalent:
(i) T (S) is an ideal of S,
(ii) T (S) = P(S),
(iii) P(S) is a completely prime ideal of S.
Proof. If T (S) is an ideal of S, then T (S) = N(S), and Theorem 6(iii) completes the
proof of (i) ⇒ (ii). Moreover, by Theorem 6(iii), P(S) is a prime ideal of S, which proves
(ii) ⇒ (iii). Finally, since always P(S) ⊆ T (S), (iii) ⇒ (i) easily follows. 
3. Prime ideals in right chain semigroups
We start this section with two results, which generalize [3, Lemma 1.10] and [3, Propo-
sition 1.11(i), (iii)], respectively.
Lemma 8. Let S be a right chain semigroup. Then:
(i) A right ideal I of S is semiprime if and only if I is prime.
(ii) An ideal I of S is completely semiprime if and only if I is completely prime.
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prove (ii), assume that I is completely semiprime and let a, b ∈ S be such that ab ∈ I .
Since (bSa)2 ⊆ I , bSa ⊆ I , and from (i) we deduce that a ∈ I or b ∈ I . 
Let A be an ideal of a semigroup S. An ideal I (respectively, an element s) of S is said
to be A-nilpotent if In ⊆ A (respectively, sn ∈ A) for some n ∈N.
Proposition 9. Let A be a proper ideal of a right chain semigroup S. Then:
(i) If I is an ideal of S such that I ⊆ HA(S) and I is not A-nilpotent, then⋂n∈N In is a
completely prime ideal of S.
(ii) If t is an element of S such that t ∈ HA(S) and t is not A-nilpotent, then⋂n∈N tnS = P
is a prime right ideal of S. If P is, in addition, an ideal of S, then P is completely
prime.
Proof. Suppose that a2 ∈ ⋂n∈N In for some a ∈ S \
⋂
n∈N In. Then a /∈ Im for some
m ∈ N, and thus Im ⊆ aS. Hence a2 ∈ I 2m+1 = ImIm+1 ⊆ aIm+1 ⊆ a2I ⊆ a2HA(S), so
a2 ∈ A and we obtain I 2m+1 ⊆ A, a contradiction. Thus, to complete the proof of (i) it is
enough to apply Lemma 8(ii). The first part of (ii) follows by similar arguments. To prove
the second part of (ii), note that tn /∈ P for every n ∈ N, because t ∈ HA(S). Therefore, if
a ∈ S \P and a2 ∈ P , then there exist n ∈N and s ∈ S \aS such that tn = as. Since a = ss1
with s1 ∈ S \P , tm ∈ s1S for some m ∈N, and we obtain tn+m ∈ ass1S = a2S ⊆ P , a con-
tradiction. Now Lemma 8(ii) completes the proof. 
The following example shows that the assumptions I ⊆ HA(S) in part (i) and t ∈ HA(S)
in part (ii) of Proposition 9 are both necessary.
Example 10. Let S be the semigroup generated by x with the single relation x2 = x3. Then
0 ⊂ I = {0, x2} ⊂ J = {0, x, x2} ⊂ S = {0, x, x2, e} are the only ideals of S, hence S is a
commutative chain semigroup. Note that the ideal I =⋂n∈N xnS is idempotent and it is
not prime, and for A = 0 we have x /∈ HA(S) = 0 and I ⊆ HA(S).
Corollary 11. Let I be an ideal of a right chain semigroup S such that In+1 = In for all
n ∈N. Then⋂n∈N In is a completely prime ideal of S.
Proof. It is enough to apply Propositions 2(i) and 9(i) to the ideal A =⋂n∈N In. 
Definition 12. Let A be a proper right ideal of a semigroup S. Then the set
Pr(A) = {s ∈ S | xs ∈ A for some x ∈ S \ A}
is called the associated prime right ideal of A (cf. [12]).
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(i) Pr(A) is a completely prime right ideal of S containing A.
(ii) If A is a prime right ideal of S, then for any ideal I of S, either I ⊆ A or Pr(A) ⊆ I .
Proof. Part (i) easily follows from Definition 12. To prove (ii), assume that Pr(A) ⊆ I and
let s ∈ Pr(A) \ I . Then there exists x ∈ S \A with xs ∈ A, and I ⊆ sS. Hence xI ⊆ A, and
since A is prime, I ⊆ A follows. 
Definition 14. An ideal Q of a right chain semigroup S is called an exceptional prime ideal
of S if Q is prime but not completely prime (cf. [3, p. 151]).
If I ⊂ J are ideals of a semigroup S such that there are no further ideals properly be-
tween I and J , then we say that J is minimal over I . The following lemma is an extension
of the Pairing Lemma [3, Lemma 1.12] to right chain semigroups:
Lemma 15. Let S be a right chain semigroup and Q an exceptional prime ideal of S. Then
there exists a unique ideal D ⊃ Q of S minimal over Q. Furthermore, D is an idempotent
ideal of S.
Proof. Set D = ⋂{I  S | Q ⊂ I }. By Lemma 13(i) we have Q ⊂ Pr(Q), so from
Lemma 13(ii) it follows that Q ⊂ D, and thus D is minimal over Q. Since Q is prime,
D is idempotent. 
In the proof of the next lemma we will need the following property of idempotent ideals,
which follows directly from the definition of a right chain semigroup.
Lemma 16. Let S be a right chain semigroup. If A is an idempotent ideal of S, then A = sA
for every s ∈ S \ A.
We conclude this section with the following generalization of [3, Lemma 1.13]:
Lemma 17. Let Q be an exceptional prime ideal of a right chain semigroup S, and let
D be the idempotent ideal of S minimal over Q. Then there exists an element a ∈ D \ Q
satisfying Q ⊂⋂n∈N anS. In particular, there exist elements in D \ Q that are not Q-nil-
potent.
Proof. Since Q is an exceptional prime ideal of S, by Lemma 8(ii) there exists b ∈ S \ Q
with b2 ∈ Q. Set W = {c ∈ S |⋂n∈N cnS ⊆ Q}; then by Lemma 16, W ⊆ D. If b ∈ cbS for
some c ∈ W , then b ∈⋂n∈N cnbS ⊆ Q, a contradiction. Hence Wb ⊆ bS. If W = D, then
bDb = bWb ⊆ b2S ⊆ Q, contradicting the primeness of Q. Hence W ⊂ D. Let a ∈ D\W ;
then
⋂
n∈N anS ⊆ Q, and thus Q ⊂
⋂
n∈N anS. 
M. Ferrero et al. / Journal of Algebra 292 (2005) 574–584 5814. Prime segments in right chain semigroups
A prime segment of a right chain semigroup S is a pair P2 ⊂ P1 of completely prime
ideals of S such that no further completely prime ideal of S exists between P2 and P1.
In the following theorem we extend to right chain semigroups the classification of prime
segments of right cones given in [3, Theorem 1.14], adding a supplementary case.
Theorem 18. Let S be a right chain semigroup, and P2 ⊂ P1 a prime segment of S. Then
one of the following possibilities occurs:
(a) For every a ∈ P1 \P2 there exists an ideal I ⊆ P1 of S such that a ∈ I and⋂n∈N In =
P2; the prime segment is called archimedean in this case.
(b) There are no further ideals of S between P2 and P1; the prime segment is called simple
in this case.
(c) There exists a prime ideal Q of S with P2 ⊂ Q ⊂ P1; the prime segment is called
exceptional in this case.
(d) There exists an idempotent ideal D of S with P2 ⊂ D ⊂ P1 which is minimal over P2;
the prime segment is called supplementary in this case.
Possibilities (a), (b), (c) are mutually exclusive, and possibilities (a), (b), (d) are mutually
exclusive.
Proof. Assume that the prime segment P2 ⊂ P1 is not simple. If HI (S) ⊂ P1 for some
ideal I S with P2 ⊂ I ⊂ P1, then by Proposition 2(ii) and Lemma 8(i), the prime segment
P2 ⊂ P1 is exceptional. Hence, for the remainder of the proof we assume that for every
ideal I in this prime segment we have P1 ⊆ HI (S).
If the prime segment P2 ⊂ P1 contains an ideal I of S such that In+1 = In for some
n ∈N, then D = In is an idempotent ideal which is minimal over P2. In fact, if there is an
ideal P2 ⊂ A ⊂ D, we have by the above that D ⊆ HA(S), and we obtain a contradiction
by Proposition 9(i). Hence the prime segment P2 ⊂ P1 is supplementary in this case.
We are left with the case when for every ideal I S with P2 ⊂ I ⊂ P1, In+1 = In holds
for all n ∈ N, and then ⋂n∈N In = P2 by Corollary 11. Let Q be the union of all these
ideals. If either Q = P1, or Q ⊂ P1 and P 21 = P1 (note that in the last case P 21 ⊆ Q, so⋂
n∈NPn1 = P2), then clearly the prime segment P2 ⊂ P1 is archimedean. If Q ⊂ P1 and
P1 = P 21 , then obviously Q is prime and the prime segment P2 ⊂ P1 is exceptional. 
Possibilities (c) and (d) of Theorem 18 can occur simultaneously, as the following ex-
ample shows.
Example 19. Let Q be the semigroup generated by y, x1, x2, . . . with the defining re-
lations xiy2xi = y and x2i+1yxi+1 = xi for every positive integer i. It was shown in
[5, pp. 441–443] that Q is a right chain semigroup and y3 is a central element of Q.
Moreover, Q = ⋃m∈NQm, where Qm denotes the subsemigroup of Q generated by
y, x1, x2, . . . , xm.
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from [5], q can be uniquely written in the form
q = ynxk1m yxk2m y . . . xktm yε (∗)
with t  0, n  0, ki  1 and ε ∈ {0,1,2}. Therefore, if Bm is the set of all nonzero
elements of Qm for which n = 0 in (∗), then q can be uniquely written in the form ynb with
n 0 and b ∈ Bm. Moreover, from the relation x2i+1yxi+1 = xi it follows that if m1 m2,
then Qm1 ⊆ Qm2 and Bm1 ⊆ Bm2 , and thus n in (∗) is independent of the choice of m.
Let n be a nonnegative integer, and r the remainder when n is divided by 3. Then we set
ϕ(n) = r if n = r , and ϕ(n) = r + 3, otherwise. Below we apply the function ϕ :N∪{0} →
{0,1,2,3,4,5} to define a congruence in Q.
Let q1, q2 ∈ Q. If q1 = 0 or q2 = 0, then we define
q1 ∼ q2 if and only if q1 = q2 = 0.
Otherwise q1, q2 ∈ Qm \ 0 for some m ∈N, and thus q1 = yn1b1 and q2 = yn2b2 for some
n1, n2  0 and b1, b2 ∈ Bm. In this case we define
q1 ∼ q2 if and only if ϕ(n1) = ϕ(n2) and b1 = b2.
Since y3 is a central element of Q and ϕ(a1 + a2) = ϕ(ϕ(a1) + ϕ(a2)) for all a1, a2 ∈
N∪ {0}, it follows that the relation ∼ is a congruence in Q. The congruence class of q ∈ Q
is denoted by q˜ . Let S be the factor semigroup of Q with respect to the congruence ∼.
Then S is a homomorphic image of Q; thus, S is a right chain semigroup and y˜3 is a
central element of S.
By [5, Lemma 10], H(Q) = QyQ is the maximal right ideal of Q and the only nonzero
ideals of Q properly contained in H(Q) are powers of y3Q and y3H(Q). Since S is a
homomorphic image of Q (under the natural epimorphism q → q˜) and y˜3 = y˜6, it follows
that the only nonzero ideals of S are y˜3S ⊆ Sy˜S ⊆ S. From the uniqueness of the form (∗),
we easily deduce that all these ideals are distinct, and thus Sy˜S is a completely prime ideal,
whereas the ideal y˜3S is idempotent and not completely prime. Since xiy2xi = y for all i,
it follows that Sy˜S is an idempotent ideal of S, and thus the ideal y˜3S is prime.
By the above, S is a right chain semigroup, the only ideals of S are P2 = 0 ⊂ y˜3S ⊂
P1 = Sy˜S ⊂ S, and the prime segment P2 ⊂ P1 is simultaneously exceptional and supple-
mentary.
Note that if D is a nonzero proper idempotent ideal of a right cone S, then by Propo-
sitions 1 and 9(i), D is completely prime (cf. [3, Proposition 1.11(ii)]), and thus prime
segments of right cones are never supplementary. On the other hand, the prime segment
0 ⊂ J of the right chain semigroup S in Example 10 is supplementary, and it is neither
archimedean nor simple nor exceptional.
In the following corollary we characterize archimedean prime segments of right chain
semigroups.
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following conditions are equivalent:
(i) The prime segment P2 ⊂ P1 is archimedean.
(ii) For any a ∈ P1 \ P2,⋂n∈N anS = P2.
(iii) For any a ∈ P1 \ P2, P1aS ⊂ aS.
Proof. (i) ⇒ (ii) follows directly from the definition of an archimedean prime segment.
(ii) ⇒ (iii). Let a ∈ P1 \P2. If a ∈ P1aS, then a = pas for some p ∈ P1 \P2 and s ∈ S,
and we obtain a ∈⋂n∈N pnS = P2, a contradiction. Hence a /∈ P1aS, and P1aS ⊂ aS
follows.
(iii) ⇒ (i). Assume (iii); then clearly the prime segment P2 ⊂ P1 is not simple. Suppose
it is exceptional with an exceptional prime ideal Q, and let D be the ideal of S defined
in Lemma 15. Then taking any a ∈ D \ Q we obtain Q ⊂ P1aS ⊂ D, a contradiction.
Next, suppose that the prime segment P2 ⊂ P1 is supplementary with D′ as the ideal of
S minimal over P2. Let a ∈ D′ \ P2; then P2 ⊂ P1aS ⊂ D′, a contradiction. Hence the
prime segment P2 ⊂ P1 is neither simple nor exceptional nor supplementary, and thus by
Theorem 18 it must be archimedean. 
A prime segment P2 ⊂ P1 is called right invariant if P1a ⊆ aP1 holds for every a ∈
P1 \ P2 (cf. [3, Theorem 1.14(a)]).
Corollary 21. If a prime segment P2 ⊂ P1 of a right chain semigroup S is archimedean,
then it is right invariant. If S is a right cone, then also the converse holds.
Proof. Let a ∈ P1 \ P2 and p ∈ P1. Then by Corollary 20, pa = as for some s ∈ S. If
s /∈ P1, then since P1 is completely prime, we deduce that P1 = sP1, and thus aP1 =
asP1 = paP1 = pnaP1 for all n ∈N, which leads to aP1 ⊆⋂n∈N pnS. Applying Corol-
lary 20 we obtain aP1 ⊆ P2, a contradiction. Thus s ∈ P1, so the prime segment P2 ⊂ P1
is right invariant.
Next assume that S is a right cone and P2 ⊂ P1 is a right invariant prime segment
of S. Then for any a ∈ P1 \ P2, P1aS ⊆ aP1. Since S is a right cone, a /∈ aP1 and thus
P1aS ⊂ aS. Hence by Corollary 20, the prime segment P2 ⊂ P1 is archimedean. 
The prime segment 0 ⊂ J in Example 10 shows that right invariant prime segments of
right chain semigroups need not be archimedean.
Combining Theorem 18 and the observation following Example 19 with Corollary 21,
we deduce that a prime segment of a right cone is either right invariant or simple or excep-
tional, recovering the classification given in [3, Theorem 1.14]. Examples of all three types
of prime segments can be found in [3].
References
[1] V.A. Artamonov, V.N. Saliı˘, L.A. Skornyakov, L.N. Shevrin, E.G. Shul’geı˘fer, General Algebra, vol. 2,
Nauka, Moscow, 1991 (in Russian).
[2] H.H. Brungs, G. Törner, Right invariant right holoids, Comm. Algebra 15 (1987) 985–1000.
584 M. Ferrero et al. / Journal of Algebra 292 (2005) 574–584[3] H.H. Brungs, G. Törner, Ideal theory of right cones and associated rings, J. Algebra 210 (1998) 145–164.
[4] A.H. Clifford, G.B. Preston, The Algebraic Theory of Semigroups, vol. I, Math. Surveys Monogr., vol. 7,
Amer. Math. Soc., Providence, RI, 1964.
[5] N.I. Dubrovin, An example of a chain prime ring with nilpotent elements, Math. USSR Sb. 48 (1984) 437–
444.
[6] R.D. Giri, A.K. Wazalwar, Prime ideals and prime radicals in noncommutative semigroups, Kyungpook
Math. J. 33 (1993) 37–48.
[7] H.J. Hoehnke, Zur Strukturtheorie der Halbgruppen, Math. Nachr. 26 (1963) 1–13.
[8] E.R. Puczyłowski, Questions related to Koethe’s nil ideal problem, preprint.
[9] E.N. Roı˘z, B.M. Schein, Radicals of semigroups, Semigroup Forum 16 (1978) 299–344.
[10] M. Satyanarayana, C. Srihari Nagore, On naturally ordered semigroups, Semigroup Forum 18 (1979) 95–
103.
[11] L.A. Skornyakov, Left valuation semigroups, Siberian Math. J. 11 (1970) 135–145.
[12] G. Törner, Left and right associated prime ideals in chain rings with d.c.c. for prime ideals, Results Math. 12
(1987) 428–433.
